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Abstract – The influence of the space charge of 
ions evaporated from the surface of the cone for-
mations, which develop on the liquid-metal anode, 
on its shape is studied theoretically. Possibility of 
the self-similar reduction of the equations, govern-
ing the space distributions of the electric field, the 
field of ions velocity, and the space-charge density, 
into the system of ordinary differential equations is 
revealed. Its solution, which is compatible with the 
balance condition for the capillary and electrostatic 
forces on the free surface of a liquid, allows us to 
find the current dependence of the cone angle. An 
increase in the emission current leads to the mono-
tonic decrease of the cone angle, which is consistent 
with available experimental data. 

1. Introduction 

It is known, that the surface of a conducting liquid 
(liquid metal) takes the form of a cone in a sufficiently 
strong external electric field [1-5]. An enhancement of 
the field gradient close to the singularity (cone apex) 
provides conditions for the initiation of the emission 
processes, i.e., field evaporation of ions [6-9]. Interest 
in studies of the geometry of such structures was 
stimulated in a large measure by the development of 
liquid-metal ion sources. Considerable progress in the 
theory of conical formations was started from Taylor’s 
investigations [2,10]. He have shown that, for the cone 
with the angle 98 6. , the surface electrostatic pres-
sure depends on the distance from its apex as 1R−  and, 
hence, can be counterbalanced by the surface pressure 

1
LP R−∼ .  

Numerous experimental data [11-13] testify that a 
rise in an external potential difference is accompanied 
not only by appearance and increase of the emission 
current but also by a fall in the cone angle. The latter 
phenomenon can be interpreted as the system response 
aimed at the conservation of the pressures balance in 
conditions of the screening effect of the space charge.  

Simple analytical models, which correlates basic 
parameters of the problem, play an important role in 

understanding physical processes in the liquid-metal 
ion sources. Among such models are Mair’s theory 
[14], the models by Kingham and Swanson [8], Mair 
and Forbes [15,16], and, certainly, Taylor’s model [2]. 
Nevertheless, the current dependence of the cone an-
gle up till now remains beyond a theoretical descrip-
tion. It was shown in [9] that even a slight cone sharp-
ening can lead to the considerable increase of the 
emission current. The authors of [9] relates the change 
in the cone angle with the influence of the hydrody-
namic term in the pressure balance condition. How-
ever, such an assumption seems doubtful since even 
on the cone apex this term appears to be 2–3 orders of 
magnitude less than the electrostatic ( EP ) and capil-
lary ( LP ) terms [3].  

In the present paper we propose a model, which 
generalizes Taylor’s solution on the case where the 
space charge begins to play an essential role. In the 
framework of the model it is possible to describe two-
dimensional distributions of the electric field potential 
and of the velocity field of ions over the cone and, as a 
consequence, to find the relation between the cone 
angle and the current.  

2. Initial equations 

Let us consider the field evaporation of ions from the 
equipotential surface of an infinite cone. The original 
set of equations is the following:  

2
0qN ε∇ Φ = − / ,                          (1) 

2( ) 2m q∇Ψ / = −Φ ,                        (2) 

( ) 0N∇ ∇Ψ = .                            (3) 
The first equation is the Poisson equation for the elec-
tric field potential Φ ; here N  is the charged particle 
density, q  is the particle charge, 0ε  is the vacuum 
permittivity. It is convenient to take the potential be 
equal to zero ( 0Φ = ) on the cone surface. The motion 
of particles is described by the second equation, which 
gives the energy conservation law for the ions energy 
in an electric field (Ψ  is the velocity potential, m  is 
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the mass of a particle). We will assume that 0∇Ψ =  
on the liquid-metal surface, i.e., we will neglect the 
initial velocity of the evaporated particles. This ap-
proximation can be considered to be well founded in 
view of the extremely high values of the electric field 
strength near the cone surface. The third equation is 
the equation of continuity.  

An equilibrium configuration of the free surface of 
liquid metal is determined by the balance condition for 
the electrostatic and capillary forces. For the conic 
surface it can be written as follows:  

2
0 0( )ctg

2L EP P
R

εσ α Φ=∇Φ
= = = ,  

where α  is the cone half-angle, σ  is the surface ten-
sion coefficient, and R  is the distance up to the vertex 
of the cone.  

As an external control parameter, we introduce a 
value of the electric field potential, 0U− < , on the 
symmetry axis at some distance L  from the vertex of 
the cone. Since the equations (1)–(3) have no their 
own characteristic spatial scale, the value of L  is 
governed by ambient conditions. We will treat L  as 
the characteristic size of a conical formation on the 
liquid-metal anode. Note that the cone size can 
slightly vary with a change of the potential difference 
applied to the interelectrode space, which is propor-
tional to the magnitude of U  (the constant of propor-
tionality is determined by a configuration of elec-
trodes). In the present research we do not consider this 
effect; the cone size L  is considered to be constant. 
Variable model parameters, which are measured in the 
experiments, are the cone half-angle α  and the elec-
tric current I  flowing through the system.  

Let us switch to dimensionless variables:  
2

0( )r R L n NL q Uε= / , = / ,  
2 1 2(2 )U qUL mϕ ψ − /= −Φ/ , = Ψ / .  

Then, in spherical coordinates, Eqs. (1)–(3) be-
come  

2 2

2 1 ctg
rr r n

r r rθθ θ
θϕ ϕ ϕ ϕ+ + + = ,              (4) 

2 2
2

1
r r θψ ψ ϕ+ = ,                           (5) 

2 2 2

1 2 1 ctg 0r r rr rn n n
r r r rθ θ θθ θ

θψ ψ ψ ψ ψ ψ
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

+ + + + + = .  

(6) 
It can readily be seen that these equations of motion 
can be reduced by means of the following self-similar 
ansatz:  

( ) 1 2 ( )r r Aϕ θ θ/, = ,                        (7) 

( ) 3 2 ( )r r Bρ θ θ− /, = ,                        (8) 

( ) 5 4 ( )r r Cψ θ θ/, = .                        (9) 
Here the exponent is chosen equal to 1/2 in order to 
provide the validity of the force balance condition on 

the cone surface. In the dimensionless form this condi-
tion reads  

2
2

ctg 1( )
V r
αϕ θ π α∇ = , = − ,  

where the dimensionless group  

0

2
V U

L
ε
σ

≡  

plays a role of an external control parameter (it char-
acterizes the potential difference applied to the cone). 
Below we will also use the quantity  

2 3 3 1 4
0(32 )
mJ I

q Lε σ /≡  

as the dimensionless current through the cone.  
After the substitution (7)–(9) we obtain the set of 

the ordinary differential equations on the angle distri-
butions of ( )A θ , ( )B θ  and ( )C θ  on the interval 
0 mθ θ≤ ≤  ( mθ π α≡ −  is the value of angle θ  that 
corresponds to the surface of a liquid):  

(3 4) ctgA A A Bθθ θθ/ + + = ,               (10) 
2 2(25 16)C C Aθ/ + = ,                    (11) 

(15 16) ctg 0BC B C BC BCθ θ θθ θθ/ + + + = .    (12) 
The boundary conditions for the equations are the fol-
lowing:  

(0) 1 (0) 0A Aθ= , = ,                   (13) 
(0) 0 ( ) 0mB Aθ θ= , = .                 (14) 

They determine four integration constants, which are 
necessary for solving the system (10)–(12). Notice 
that the symmetry condition (0) 0Cθ =  and the condi-
tion of zero initial velocity of ions ( ) 0mC θ =  are con-
sequences of Eqs. (13) and (14). A certain arbitrari-
ness associated with the uniformity of  Eqs. (10)–(12) 
with respect to the desired functions ( 2A B C∼ ∼ ) is 
eliminated by the first boundary condition that 
uniquely determines the value of the dimensionless 
potential ϕ  at the symmetry axis. Thus, the solution 
of the problem (10)–(14) is unique for the given angle 

mθ .  
The additional boundary condition  

1( ) ctgmA Vθ θ α−= − ,                    (15) 
resulting from the force balance condition, is not used 
in the solution of Eqs. (10)–(12). It allows us to de-
termine the value of the parameter V  that corresponds 
to the angle mθ .  

3. Solution analysis 

The set of the ordinary differential equations (10)–(12) 
was solved numerically together with the boundary 
conditions (13) and (14). In view of the fact that the 
functions  A,  B,   and   C   are   nonanalytic   on   both 
boundaries, the asymptotic expansions for these func-
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tions at 0θ →  and mθ θ→  are used. As a result it 
was found that the equations are solvable for the an-
gles in the range T m cθ θ θ≤ ≤ . The minimal angle 
value 130 71Tθ .  corresponds to the Taylor cone 
( 49 29Tα α= . ) and relates to the special case 
where the space charge is absent, i.e., 0B ≡ . In this 
case the θ -dependence  of  A  is  determined  by the 
Legendre function 1 2 (cos )P θ/ . The upper bound of 
the angle ( cθ ) equals 158 11. . It corresponds to the 
least possible half-angle of the cone 21 89cα α= . . 
This configuration of the surface relates to the formal 
limit of the complete screening of the electric field at 
the cone surface by the space charge (this limit cannot 
be achieved because of finite emissivity of the emitter 
surface). The functions A, B, and C, corresponding to 
different values of α , are presented in Fig. 1. They 
give an idea of the electric field distribution 
( 1 2{ 2 0}r A Aθϕ − /∇ = / , , ) and the velocity field one 
( 1 4{5 4 0})r C Cθψ /∇ = / , , .  
 

  
 
Fig. 1. Angular dependences of the functions A , B  
and C . Solid lines correspond to the minimal cone 
half-angle, 21 89cα α= . ; dashed lines correspond 
to the half-angle 35α = ; dotted lines correspond to 
the Taylor angle, 49 29Tα α= .  (in this case 

0B ≡ ). 
 
 The solution of Eqs. (10)–(12) enables us to estab-
lish the angular dependence of the derivative ( )mAθ θ  
contained in the condition (15). For convenience we 
introduce an auxiliary function ( )f Aθ θ π α

α
= −

≡ −  that 
determines the field strength on the cone surface at the 
distance of 1r =  from the vertex (see Fig. 2).  Then, 
using the condition (15), we find the connection be-
tween the values V  and α :  

ctg ( )V fα α= / .                        (16) 
 If we estimate the value of the electric current 
passing through the liquid-metal cone, we can obtain 
one more relation important for our model. Taking 
into account only the particles evaporated from the top 
part of the cone, 1r <  ( R L<  in the dimensional vari-
ables), we find  
 

  
Fig. 2. The auxiliary functions ( )f α  and ( )g α . See 
details in the text. 
 
 

3 2

0

5 sin
2

mVJ BC d
θπ θ θ

/

= .∫  

The functions B and C in the integrand are calculated 
from Eqs. (10)–(14) at given mθ . The value of the 
integral is uniquely determined by the angle α . Let us 
introduce an auxiliary function (see Fig. 2)  

0

5( ) sin
2

g BC d
π απα θ θ
−

≡ ∫  

Finally we get the expression 
3 2 ( )J V g α/= ,                          (17) 

which relates such key parameters of the model as J  
(the dimensionless current), V  (the dimensionless 
potential difference), and α  (the cone half-angle). 

The set of Eqs. (16) and (17) determines the re-
quired dependence of angle on the current in the pa-
rametric form (V  plays the role of the parameter). 
These dependence is given in Fig. 3.  
From the Fig. 3 it can be seen, that the angle mono-
tonically decreases with increase in current. It is equal 
to the Taylor angle 49 29Tα ≈ .  at zero current, and 
tends to the angle  21 89cα ≈ .   in the formal limit of 
infinite current. It can be noted that the interpretation  
of  the  experiments  [11,12,13]   in  the frame of our 
model corresponds to dimensionless currents in the 
range 0 1J< < . For the larger current values the cone 
structure becomes unstable.  
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Fig. 3.  The dependence of the dimensionless emission 
current J  on the cone half-angle α . The inset dem-
onstrates the same dependence for the relatively small 
currents. 
 
 The important feature of the theoretical current-
voltage characteristic (Fig. 4) is its threshold charac-
ter. The electric current does not flow ( 0J =  ) if 

ctg ( )T TV fα α< / . It is related with the impossibility 
of the balance between the electrostatic and capillary 
forces for the relatively small potential difference. The 
capillary forces will dominate and the cone structure 
will break. In the formal limit of large V , the model 
yields the universal Langmuir law, 3 2( )cJ g Vα /→ , 
describing the regime of the space-charge limitation of 
the current as a result of the complete screening of the 
electric field on the electrode surface.  

3. Conclusion 

Thus, in this paper we have demonstrated the possibil-
ity of developing the half-analytic theory of influence 
of the space charge emitted from the surface of a cone 
on its shape. It is based on the use of the self-similar  
 
 

solutions of Eqs. (1)–(3) for the particle motion in the 
presence of the electric field, which are consistent 
with the boundary condition on the cone surface. As a 
result, the dependences of the cone angle and of the 
emission current on the applied potential difference 
have been found. These dependences correctly reflect 
main features of the liquid-metal ion sources opera-
tion.   
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